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Let G be a graph and d, denote the degree of the vertex v in G. The zeroth-order
general Randi¢ index of a graph is defined as Rg(G) = ZveV(G) dy® where « is an
arbitrary real number. In this paper, we obtained the lower and upper bounds for the
zeroth-order general Randi¢ index Rg(G) among all unicycle graphs G of order n. We
give a clear picture for Rg (G) of unicycle graphs according to real number « in differ-
ent intervals.
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1. Introduction

Let G=(V(G), E(G)) denote a graph whose set of vertices and set of edges
are V(G) and E(G) respectively. For any v € V(G), we denote the neighbors of
v as N(v). The Randi¢ index of G defined in [§8] is

RG = > (dud) 2,

uveE(G)

where d, = dg(v) denotes the degree of the vertex v in G. Randi¢ showed that his
index is well correlated with a variety of Physic-Chemical properties of an alkane.
The index R(G) has become one of the most popular molecular descriptors, the
interesting reader is referred to [2-8, 11, 12]. The zeroth-order Randi¢ index R°(G)
of G defined by Kier and Hall [10] is R%(G) = ZveV(G) dv_%. Pavlovi¢ [9] deter-
mined the unique graph with largest value of R*(G). In [5], Lielal investigated the
same problem for the topological index M{(G), also known as Zagreb index [13],
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which is defined as M1(G)= >,y g d,?. Li et al. [14] defined the zeroth-order
general Randi¢ index as R(G) = 2 vev(c) @”. Li and Zhao [1] characterized the
trees with the first three largest and smallest zeroth-order general Randi¢ index,
Wang and Deng [16] characterized the unicycle graphs with the maximum zeroth-
order general Randi¢ index, with « being equal to m, —m, 1/m, —1/m, where
m > 2 is an integer. In [15], Hu et al. investigated the molecular graphs having
the smallest and largest zeroth-order general Randi¢ index.

In this paper, we investigate the zeroth-order general Randi¢ index for the
unicycle graphs. All unicycle graphs having extremal (maximum or minimum)
zeroth-order general Randi¢ index are characterized.

All graphs considered here are both finite and simple. We denote, respec-
tively, by S,,, P, and C, the star, path and cycle with n vertices.

Let (G1,v1) and (Gj, v2) be two graphs rooted at vy and v, respectively,
then G =(G1, v1) > (G, vy) denote the graph obtained by identifying v; with
vy as one common vertex.

Let Vy(T) denote the set of all leaves of a tree T. Let U4, denote the set
of all unicycle graphs of order n. By U(n, k) we denote the set of the unicy-
cle graphs in which the length of its cycle is k. For any graph G in U(n, k), we
denote the unique cycle of length k in G as Cy.

Other notations and terminology not defined here will conform to those in [1].

For any graph in U(n, k) with n=k, its zeroth-order general topological
index can be easily calculated. So we’ll always assume that n > k+ 1 throughout
this paper.

In the following, we will investigate Rg(G) for unicycle graph according to
the value of « in different intervals.

2. Thecase x=1and a =0

It’s easy to get the following trivial results:
When o =0, R)(G) = 2 vev(G) d” =n, where n is the order of the graph G.
When a=1, Rg(G) = zveV(G) dy* =2m, where m is the number of edges
of the graph G.

3. Thecase0<a<landa>1ora <20
Lemma 3.1. Let A={v € V(Cy) : d(v) > 3}. If G is an unicycle graph in U(n, k)
such that one of

(1) Rg(G) is as large as possible for 0 < a < 1;

(i) RY(G) is as small as possible for a > 1 or a <0

holds, then |A|=1.
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Proof. Assume that |A| > 2. Cy =vjvy---vgvy. Let v; and v; be distinct ver-
tices in A. By T(vj), we denote the connected component containing v; of the
graph G —{v;_1, vj41}. Obviously, T'(v;) is a tree. Let y be a leaf of T'(v;). Set
N@) = V(CO={x1. ....xp)(p > 1.

Let G'=G —vix; — -+ —vixp + yx; +--- + yx,. We have

RY(G) = RY(G) = [(p+ D)* = 1]+ [2* = (p + 2)°]
=2-D—-[p+2* = (p+1D*]
= o =",
where 1 <é <2and2<p+1l<n<p+2.
When 0 < o < 1, we have Rg(G/) > R2(G), a contradiction to (i); When

o <0 or a <0, we have Rg(G’) < RS(G), a contradiction to (ii).
Consequently, we have |A|=1. o

Lemma 3.2. Let A={v € V(Cy) : d(v) > 3}. Suppose G is an unicycle graph in
U(n, k) such that one of

(1) Rg (G) is as large as possible for 0 < a < 1;
(i1) Rg (G) is as small as possible for « > 1 or a <0

holds, then d(v;) < 4 for v; € A.

Proof. Supposethatd(v;) >5.Cr=viva---vrv1. Let N(v)) =V (Cp) = {x1, ..., xp},
where p > 3.

Let T (v;, x1) denote the tree containing v; and x; but excluding v;_1, v;j11,
X2,...,Xxp. There must exist one vertex y with d(y)=1 in T (v;, x1). Set

G'=G—vixy— - —vixp +yxa+ -+ yxp.
We have

RYG) — RUG) =13 — (p+ 21+ (p* — 1)
=3“-1D—-[(p+2)*—p“l
=20 — 27,

where | <é<3and 3 < p<n<p+2.
So, RY(G") > RY(G) for 0 <a <1 and RY(G') < R%(G) for a <0 or a > 1,
a contradiction to i and (ii), respectively. And we have d(v;) < 4 for v; € A. O

Theorem 3.3. If G is an unicycle graph in U(n, k), then RS(G) attains the larg-
est (smallest, resp.) value if and only if G = (Ck, v;) < (Py—j+1, Vi) for 0 <a <1
(¢ > 1 or <O, resp.), where v; is one end-vertex of P, i1 and any vertex
of Ck.
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Proof. The proof of necessity.

Let G be a graph in U(n, k) with RS(G) taking the largest (smallest, resp.)
value for 0<a <1 (¢ > 1 or o <0, resp.). Suppose G is not the graph defined
as above. There must exist exactly one vertex, say v;, in Cy =vjvs---vgv; such
that 3 < d(v;) < 4 by lemmas 3.1 and 3.2.

We distinguish the following two cases:

Case 1. d(v;) =3.

We consider the longest path v; —y in T'(v;), where T (v;) is one connected
component containing v; of the graph G —{v;_1, v;+1}. By the hypothesis, there
must exist at least one vertex, say vs, in the v; — y path with d(vs) >3. Let
N (vs) N Vo(T (vi)) ={z1, ..., z1}, where [ > 1. Set

G/ZG—USZI—"'—Ule+)’Zl+"'+yZl-
We have

RUG) — RUG) = [ + D* — 1] — [(I + 2)* — 2%)
=Q2-1D —-[+2Y = U+ D%
— a(%.a—l _ na—l),

where 1 <é<2and 2</+1<np<l+2.

When 0 <a <1, R%(G') > RY(G); when a <0 or & > 1, RY(G") < RU(G),
we have a contradiction. So, T'(v;) is a path of order n — k + 1 in this case.
Case 2. d(v;)=4.

Let N(v;) — V(Cy)={u, w}. T(v;,u) (or T(v;, w)) denotes the subtree of
T (v;) containing u(or w) but excluding w(or u) respectively. We consider inde-
pendently T (v;, u) and (T (v;, w)). From the proof of case 1, it’s easy to see that
T (vi,u) and T (v;, w) are all paths.

Now, set G'=G — vju + yu, where y is one end vertex of T (v;, w).

We have

RUG) — RY(G) = 2% — 1) — (4% — 39
=@ —n"h,

where 1 <& <2 and 3<n<4.

When 0 <a <1, R%(G") > RY(G); when a <0 or & > 1, R%(G") < RU(G),
we have a contradiction.

From case 1 and case 2, we know that 7' (v;) is P,_;+1. Hence, G = (Ck, v;) <
(Pp—k+15 Vi)-

The proof of sufficiency.

When G = (Cg,v;) < (Py_g+1,vi), it’s easy to see that the removal of
any one edge of (P,_x+1,v;) will decrease ( increase, resp.) the value of RB(G)
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for 0<a<l1 (¢ > 1 or @ <0, resp.). So, Rg(G) achieves the maximum (min-
imum, resp.) value for 0 <a <1 (¢ > 1 or @ <0, resp.) when G = (Cy, v;) >

(Pn—k+1, Vi).
Therefore the proof is completed. o

Lemma 3.4. Let A={v € V(Cy) : d(v) = 3}. If G is an unicycle graph in U(n, k)
such that one of

(1) Rg(G) is as small as possible for 0 <a < 1;

(i1) RS(G) is as large as possible for « > 1 or a <0

holds, then |A|=1.

Proof. 1If |A| > 2, we may assume that A={vy,...,v;} where t+ > 2. Let v;
and v; be distinct vertices in A. Set N(v;) — V(Ci) ={x1,...,x,} and N(v;) —
V(Ci)={y1, ..., yq} where p > 1 and g > 1. We distinguish the following two
cases:

Case I1.d(vi)=d(vj)=p+2, 1e, p=q.
Set G'=G —vjy1 —---—vjyp +viyi + -+ viy,, then

RUGH = RYUG) =[2p+ 2% — (p + %1 = [(p +2)* — 2%]
= a2 -,
where p+2<&é<2p+2and 2<n<p+2.

When 0 <o <1, we have RS(G/)<R2(G), a contradiction to (i); When
o <0 or a > 1, we have Rg(G’) > RS(G), a contradiction to (ii).

Case 2. d(v;) # d(vj) for any v;, v; € A.

We may assume that d(vi) <d(vy) < --- <d(v;). Let N(vy) — V(Cy) ={x1,
...,xp} where p > 1 and d(v;)=q¢ + 2. Set G'=G —vix) — -+ —vix, + VX +
.-+ 4+ v;xp, then

RUGH —RUG) =[(p+q+2% — (g +2*]—[(p+ 2% —2%]
= paE* ' —n*h

’

where 2<n<p+2<qg+2<&<p+qg+2since p<gq.
When 0 <a <1, we have Rg(G/)<R2(G), a contradiction to (i); When
o <0 or a > 1, we have Rg(G’) > RS(G), a contradiction to (ii).
From the proofs of case 1 and case 2, we have |A|=1. ]
Lemma 3.5. Suppose G is an unicycle graph in U(n, k) such that one of
(1) Rg (G) is as small as possible for 0 <a < 1;

(i1) Rg (G)is as large as possible for « > 1 or a <0
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holds. Let vy be any vertex in V(G) — V(Cy), if N(vs) (\V(Cx) # 0, then
d(vs) # 2.

Proof.  Assume d(vg) =2 for some vs € V(G)—V (Cy) such that N(vy) [ V(Ck) #
@. Let N(vs) ={v;, v/}. Suppose v; =N (vs) [ V(Cy) and d(v;) = p+2(p > 1). Set
G' =G — vgv; + v;v;, we have
RUG)—RUG) =[(p+D* = (p+2*1— Q%= 1)
=aE* =",
where p+2<&é<p+3and 1 <n<?2.
When 0 <a <1, we have RS(G/)<R2(G), a contradiction to (i); When

a <0 or a > 1, we have Rg(G’) > RS(G), a contradiction to (ii).
Therefore the proof is completed. o

Lemma 3.6. Suppose G is an unicycle graph in U(n, k) such that one of

(1) Rg (G) is as small as possible for 0 <a < 1;

(i1) Rg (G) is as large as possible for « > 1 or a <0
holds. If N(v;) — V(Cy) ={x1,...,xp} and B={xj € N(v;) — V(Cy) : d(xj) = 3},
where v; € V(Cy), then |B| < 1.

Proof. Suppose to the contrary that |B| > 2. Without loss of generality, let
B={x1,...,xy} where w > 2. We consider the following two cases:

Case 1. d(x;) =d(x;) for some x; € B and x; € B.
Let N(xs) - {Ui}={)’1, ’yl} and N(xl) - {vi}={zla "-azl}a where [ 2 2.
Set G'=G — x5y; — -+ — xsy1 + x:y1 + -+ - + x;y1, then we have

RUG) — RYUG) = [+ 1)* — (I + 1)*] = [(l + 1)* — 1]
=la(* ' —n*7h),

where [+ 1 <& <2+ 1and 1<n<[+1.
When 0<a <1, we have Rg(G/) < Rg(G), a contradiction to (i); When
a <0 ora>1, we have Rg(G’) > Rg(G), a contradiction to (ii).

Case 2. d(x5) # d(x;) for any two vertices x; and x; in B.

Without loss of generality, we may assume that d(x;) <d(x2) < -+ <d(xy).
Set N(x1) — {vi}={x11, xlz,...xlp/}(p > 2) and d(xy)=q + 1. Let G'=G —
XIX1L = o = XXy + XX+ +xwx1pr, then

RUGHY—RUG) =[g+p +D* —(g+ D*1—[(p + D¥ = 1]
=ap (7 =",
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where l <n<p +1l<qg+1<&<p +q+1since p <gq.

When 0 <a <1, we have RS(G/)<R2(G), a contradiction to (i); When
a <0 or a > 1, we have R2(G’) > Rg(G), a contradiction to (ii).

From the cases 1 and 2, the desired result follows. O

Theorem 3.7. If G is an unicycle graph in U(n, k), then R2(G) attains the smallest
(largest, resp.) value if and only if G = (Cy, v;) > (Sy—+1, Vi) for O<a <1 (@ > 1
or a <0, resp.), where v; is the center of S,_j+1 and any vertex of Ck.

Proof. The proof of necessity.

Let G be a graph in U(n, k) with Rg(G) taking the smallest value (largest
value, resp.). By the lemma 3.4, we know that there exists exactly one vertex, say
v;, in V(Cy) with d(v;) > 3. Moreover, if N(v;) — V(Cy) ={x1,...,x,}(p = 1)
and B={x; € N(v;) — V(Cy) : d(vj) = 3}, then |B| < 1 by the lemma 3.6.

If |B|=0, we have d(x;)=1 for any x; € N(v;) — V(Cy), since d(x;) # 2
for any vertex x; € N(v;) — V(Cy) by the lemma 3.5. So T'(v;) is a star of order
n—k+1and G =(Cy, v;) > (S, k11, vi), Where T (v;) is defined as before.

If|B| =1, weassume that B = {x}. Suppose N (x1)—{vi} ={y1, ..., ¥4} (q = 2),
we consider the following two cases:

Case I. p+2>q+1.
Set G'=G —x1y1 — -+ —x1yg +viy1 + - - + v;iyy, we have

RUGH —RUG)=[(p+q+2* —(p+2)"1 =g+ 1)* —1]
=qaE* ="

El

where l <n<g+1<p+2<é&<p+qg+2.
So, RY(G") < RY(G) for 0 <a < 1; or RY(G") > RY(G) for a <0 or o > 1,
a contradiction to the minimality or maximality of Rg (G) respectively.

Case 2. p+2<q+1.
We consider the following two subcases:
Subcase 2.1. 3=p+2<q+1.
Set G'=G — vjvi_1 — vivi41 + X1vi—1 + X1v;41, We have

RUG) - RUG) =[(g+3)* — (g + D1 — (3% — 1)
=2a(% 1 — o7,

where 1 <n<3=p+2<g+1<&<q+3.
So, R%(G") < RY(G) for 0 <a < 1; or RY(G") > RYU(G) fora <0 ora > 1,a
contradiction to the minimality or maximality of Rg(G) respectively once again.
Subcase 2.2. 4 < p+2<q+1.
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Set G'=G —vixp — -+ — vjx, + x1x2 + - - - + x1x,, We have

RU(G) —RYG) =[13" — (p+ 21+ [(p + )% — (g + D]
= (p — DaE® ! —no7h,

where 3<n<p+2<g+1l<é<p+g.

So, RY(G") < RY(G) for 0 <a < 1; or RY(G") > RY(G) for @ <0 or o > 1,
a contradiction to the minimality or maximality of R(G) respectively.

Therefore, |B| # 1 and G = (Cy, v;) < (Sy_r+1, Vi), Where v; is the center
of S,_k+1 and any vertex of Cy respectively.

The proof of sufficiency.

If G =(Ck, v;) > (S,_k11, Vi), where v; is the center of S,,_;y, the removal
of any one edge of (S,,_x+1, v;) will increase (decrease, resp.) the value of RS(G)
forO<a<1 (x<0ora>1,resp.), so Rg (G) attains the smallest (largest, resp.)
value for O<a <1 (¢ <0 or o > 1, resp.).

Therefore, the proof is completed. m]

Theorem 3.8. Let G be an unicycle graph in U(n, k). For 0 <a <1, we have (n —
k+2)% 4 (k— 2% +n—k < RUG) < (n—2)2% + 3% + 1, with the left equality
holds if and only if G = (Cg, v;) < (Sy—k+1, vi) and with the right equality holds
if and only if G = (Ci, v;) ><t (Py_g41, Vi)

Proof. For O0<a <1, by an elementary calculation, we can easily get that
RUG) =(n — k 4+ 2)% + (k — 1D2% + n — k when G =(Cy, v;) >< (Sp_k11, Vi)
and RY(G) = (n—2)2%+3%+1 when G = (Ck, v;) ><t (Py_g+1, v;). By theorems 3.3
and 3.7, we have (n —k +2)% + (k — 1)2% +n —k < RUG) < (n —2)2% +3% + 1
with the left equality holds if and only if G =(Cy, v;) >< (S,_k11, v;) and with
the right equality holds if and only if G = (Cy, v;) > (Py_j11, Vi). ]

Theorem 3.9. Let G be an unicycle graph in U(n, k). For o > 1 or a <0, we have
n—2)24+3+1 < RS(G) < (n—k4+2)*+k—1)2%+n—k, with left equality holds
if and only if G = (Cg, v;) < (Py—k+1, Vi) and with right equality holds if and only
if G=(Cr, vj) > (Sy—k+1, V).

The proof of theorem 3.9 is omitted here since it can be proved in a similar
way as that of theorem 3.8.
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