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Let G be a graph and dv denote the degree of the vertex v in G. The zeroth-order
general Randić index of a graph is defined as R0

α(G)= ∑
v∈V (G) dv

α where α is an
arbitrary real number. In this paper, we obtained the lower and upper bounds for the
zeroth-order general Randić index R0

α(G) among all unicycle graphs G of order n. We
give a clear picture for R0

α(G) of unicycle graphs according to real number α in differ-
ent intervals.

KEY WORDS: unicycle graph, zeroth-order general Randić index, minimum cardinal-
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1. Introduction

Let G = (V (G), E(G)) denote a graph whose set of vertices and set of edges
are V (G) and E(G) respectively. For any v ∈ V (G), we denote the neighbors of
v as N (v). The Randić index of G defined in [8] is

R(G) =
∑

uv∈E(G)

(dudv)
− 1

2 ,

where dv = dG(v) denotes the degree of the vertex v in G. Randić showed that his
index is well correlated with a variety of Physic-Chemical properties of an alkane.
The index R(G) has become one of the most popular molecular descriptors, the
interesting reader is referred to [2–8, 11, 12]. The zeroth-order Randić index R0(G)

of G defined by Kier and Hall [10] is R0(G) = ∑
v∈V (G) dv

− 1
2 . Pavlović [9] deter-

mined the unique graph with largest value of R0(G). In [5], Lielal investigated the
same problem for the topological index M1(G), also known as Zagreb index [13],
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which is defined as M1(G) = ∑
v∈V (G) dv

2. Li et al. [14] defined the zeroth-order
general Randić index as R0

α(G) = ∑
v∈V (G) dv

α. Li and Zhao [1] characterized the
trees with the first three largest and smallest zeroth-order general Randić index,
Wang and Deng [16] characterized the unicycle graphs with the maximum zeroth-
order general Randić index, with α being equal to m, −m, 1/m, −1/m, where
m � 2 is an integer. In [15], Hu et al. investigated the molecular graphs having
the smallest and largest zeroth-order general Randić index.

In this paper, we investigate the zeroth-order general Randić index for the
unicycle graphs. All unicycle graphs having extremal (maximum or minimum)
zeroth-order general Randić index are characterized.

All graphs considered here are both finite and simple. We denote, respec-
tively, by Sn, Pn and Cn the star, path and cycle with n vertices.

Let (G1, v1) and (G2, v2) be two graphs rooted at v1 and v2 respectively,
then G = (G1, v1) �� (G1, v2) denote the graph obtained by identifying v1 with
v2 as one common vertex.

Let V0(T ) denote the set of all leaves of a tree T. Let Un denote the set
of all unicycle graphs of order n. By U(n, k) we denote the set of the unicy-
cle graphs in which the length of its cycle is k. For any graph G in U(n, k), we
denote the unique cycle of length k in G as Ck .

Other notations and terminology not defined here will conform to those in [1].
For any graph in U(n, k) with n = k, its zeroth-order general topological

index can be easily calculated. So we’ll always assume that n � k +1 throughout
this paper.

In the following, we will investigate R0
α(G) for unicycle graph according to

the value of α in different intervals.

2. The case α = 1 and α = 0

It’s easy to get the following trivial results:
When α = 0, R0

α(G) = ∑
v∈V (G) dv

α = n, where n is the order of the graph G.
When α = 1, R0

α(G) = ∑
v∈V (G) dv

α = 2m, where m is the number of edges
of the graph G.

3. The case 0 <α < 1 and α > 1 or α < 0

Lemma 3.1. Let A = {v ∈ V (Ck) : d(v) � 3}. If G is an unicycle graph in U(n, k)

such that one of

(i) R0
α(G) is as large as possible for 0 < α < 1;

(ii) R0
α(G) is as small as possible for α > 1 or α < 0

holds, then |A| = 1.
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Proof. Assume that |A| � 2. Ck = v1v2 · · · vkv1. Let vi and v j be distinct ver-
tices in A. By T (v j ), we denote the connected component containing v j of the
graph G − {v j−1, v j+1}. Obviously, T (v j ) is a tree. Let y be a leaf of T (v j ). Set
N (vi ) − V (Ck) = {x1, . . . , x p}(p � 1).

Let G ′ = G − vi x1 − · · · − vi x p + yx1 + · · · + yx p. We have

R0
α(G ′) − R0

α(G) = [(p + 1)α − 1] + [2α − (p + 2)α]
= (2α − 1) − [(p + 2)α − (p + 1)α]
= α(ξα−1 − ηα−1),

where 1 < ξ < 2 and 2 � p + 1 < η < p + 2.
When 0 < α < 1, we have R0

α(G ′) > R0
α(G), a contradiction to (i); When

α < 0 or α < 0, we have R0
α(G ′) < R0

α(G), a contradiction to (i i).
Consequently, we have |A| = 1.

Lemma 3.2. Let A ={v ∈ V (Ck) : d(v) � 3}. Suppose G is an unicycle graph in
U(n, k) such that one of

(i) R0
α(G) is as large as possible for 0 < α < 1;

(ii) R0
α(G) is as small as possible for α > 1 or α < 0

holds, then d(vi ) � 4 for vi ∈ A.

Proof. Suppose that d(vi ) � 5. Ck = v1v2 · · · vkv1. Let N (vi )−V (Ck) = {x1, . . . , x p},
where p � 3.

Let T (vi , x1) denote the tree containing vi and x1 but excluding vi−1, vi+1,
x2, . . . , x p. There must exist one vertex y with d(y) = 1 in T (vi , x1). Set

G ′ = G − vi x2 − · · · − vi x p + yx2 + · · · + yx p.

We have

R0
α(G ′) − R0

α(G) = [3α − (p + 2)α] + (pα − 1)

= (3α − 1) − [(p + 2)α − pα]
= 2α(ξα−1 − ηα−1),

where 1 <ξ < 3 and 3 � p <η < p + 2.
So, R0

α(G ′) > R0
α(G) for 0 < α < 1 and R0

α(G ′) < R0
α(G) for α < 0 or α > 1,

a contradiction to i and (i i), respectively. And we have d(vi ) � 4 for vi ∈ A.

Theorem 3.3. If G is an unicycle graph in U(n, k), then R0
α(G) attains the larg-

est (smallest, resp.) value if and only if G = (Ck, vi ) �� (Pn−k+1, vi ) for 0 <α < 1
(α > 1 or α < 0, resp.), where vi is one end-vertex of Pn−k+1 and any vertex
of Ck .
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Proof. The proof of necessity.
Let G be a graph in U(n, k) with R0

α(G) taking the largest (smallest, resp.)
value for 0 <α < 1 (α > 1 or α < 0, resp.). Suppose G is not the graph defined
as above. There must exist exactly one vertex, say vi , in Ck = v1v2 · · · vkv1 such
that 3 � d(vi ) � 4 by lemmas 3.1 and 3.2.

We distinguish the following two cases:
Case 1. d(vi ) = 3.

We consider the longest path vi − y in T (vi ), where T (vi ) is one connected
component containing vi of the graph G −{vi−1, vi+1}. By the hypothesis, there
must exist at least one vertex, say vs , in the vi − y path with d(vs) � 3. Let
N (vs)

⋂
V0(T (vi )) = {z1, . . . , zl}, where l � 1. Set

G ′ = G − vs z1 − · · · − vs zl + yz1 + · · · + yzl .

We have

R0
α(G ′) − R0

α(G) = [(l + 1)α − 1] − [(l + 2)α − 2α]
= (2α − 1) − [(l + 2)α − (l + 1)α]
= α(ξα−1 − ηα−1),

where 1 <ξ < 2 and 2 � l + 1 < η < l + 2.
When 0 <α < 1, R0

α(G ′) > R0
α(G); when α < 0 or α > 1, R0

α(G ′) < R0
α(G),

we have a contradiction. So, T (vi ) is a path of order n − k + 1 in this case.
Case 2. d(vi ) = 4.

Let N (vi ) − V (Ck) = {u, w }. T (vi , u) (or T (vi , w)) denotes the subtree of
T (vi ) containing u(or w) but excluding w(or u) respectively. We consider inde-
pendently T (vi , u) and (T (vi , w)). From the proof of case 1, it’s easy to see that
T (vi , u) and T (vi , w) are all paths.

Now, set G ′ = G − vi u + yu, where y is one end vertex of T (vi , w).
We have

R0
α(G ′) − R0

α(G) = (2α − 1) − (4α − 3α)

= α(ξα−1 − ηα−1),

where 1 <ξ < 2 and 3 <η < 4.
When 0 <α < 1, R0

α(G ′) > R0
α(G); when α < 0 or α > 1, R0

α(G ′) < R0
α(G),

we have a contradiction.
From case 1 and case 2, we know that T (vi ) is Pn−k+1. Hence, G = (Ck, vi ) ��

(Pn−k+1, vi ).
The proof of sufficiency.
When G = (Ck, vi ) �� (Pn−k+1, vi ), it’s easy to see that the removal of

any one edge of (Pn−k+1, vi ) will decrease ( increase, resp.) the value of R0
α(G)
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for 0 <α < 1 (α > 1 or α < 0, resp.). So, R0
α(G) achieves the maximum (min-

imum, resp.) value for 0 <α < 1 (α > 1 or α < 0, resp.) when G = (Ck, vi ) ��
(Pn−k+1, vi ).

Therefore the proof is completed.

Lemma 3.4. Let A = {v ∈ V (Ck) : d(v) � 3}. If G is an unicycle graph in U(n, k)

such that one of

(i) R0
α(G) is as small as possible for 0 <α < 1;

(ii) R0
α(G) is as large as possible for α > 1 or α < 0

holds, then |A| = 1.

Proof. If |A| � 2, we may assume that A = {v1, . . . , vt } where t � 2. Let vi
and v j be distinct vertices in A. Set N (vi ) − V (Ck) = {x1, . . . , x p} and N (v j ) −
V (Ck) ={y1, . . . , yq} where p � 1 and q � 1. We distinguish the following two
cases:

Case 1. d(vi ) = d(v j ) = p + 2, i.e., p = q.
Set G ′ = G − v j y1 − · · · − v j yp + vi y1 + · · · + vi yp, then

R0
α(G ′) − R0

α(G) = [(2p + 2)α − (p + 2)α] − [(p + 2)α − 2α]
= α(ξα−1 − ηα−1),

where p + 2 < ξ < 2p + 2 and 2 < η < p + 2.
When 0 <α < 1, we have R0

α(G ′) < R0
α(G), a contradiction to (i); When

α < 0 or α > 1, we have R0
α(G ′) > R0

α(G), a contradiction to (ii).

Case 2. d(vi ) �= d(v j ) for any vi , v j ∈ A.
We may assume that d(v1) < d(v2) < · · · < d(vt ). Let N (v1) − V (Ck) = {x1,

. . . , x p} where p � 1 and d(vt ) = q + 2. Set G ′ = G − v1x1 − · · · − v1x p + vt x1 +
· · · + vt x p, then

R0
α(G ′) − R0

α(G) = [(p + q + 2)α − (q + 2)α] − [(p + 2)α − 2α]
= pα(ξα−1 − ηα−1),

where 2 < η < p + 2 < q + 2 <ξ < p + q + 2 since p < q.
When 0 <α < 1, we have R0

α(G ′) < R0
α(G), a contradiction to (i); When

α < 0 or α > 1, we have R0
α(G ′) > R0

α(G), a contradiction to (ii).
From the proofs of case 1 and case 2, we have |A| = 1.

Lemma 3.5. Suppose G is an unicycle graph in U(n, k) such that one of

(i) R0
α(G) is as small as possible for 0 <α < 1;

(ii) R0
α(G)is as large as possible for α > 1 or α < 0
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holds. Let vs be any vertex in V (G) − V (Ck), if N (vs)
⋂

V (Ck) �= ∅, then
d(vs) �= 2.

Proof. Assume d(vs) = 2 for some vs ∈ V (G)−V (Ck) such that N (vs)
⋂

V (Ck) �=
∅. Let N (vs) = {vi , vt }. Suppose vi = N (vs)

⋂
V (Ck) and d(vi ) = p+2(p � 1). Set

G ′ = G − vsvt + vivt , we have

R0
α(G ′) − R0

α(G) = [(p + 3)α − (p + 2)α] − (2α − 1)

= α(ξα−1 − ηα−1),

where p + 2 < ξ < p + 3 and 1 <η < 2.
When 0 <α < 1, we have R0

α(G ′) < R0
α(G), a contradiction to (i); When

α < 0 or α > 1, we have R0
α(G ′) > R0

α(G), a contradiction to (ii).
Therefore the proof is completed.

Lemma 3.6. Suppose G is an unicycle graph in U(n, k) such that one of

(i) R0
α(G) is as small as possible for 0 <α < 1;

(ii) R0
α(G) is as large as possible for α > 1 or α < 0

holds. If N (vi ) − V (Ck) = {x1, . . . , x p} and B = {x j ∈ N (vi ) − V (Ck) : d(x j ) � 3},
where vi ∈ V (Ck), then |B| � 1.

Proof. Suppose to the contrary that |B| � 2. Without loss of generality, let
B = {x1, . . . , xw} where w � 2. We consider the following two cases:

Case 1. d(xs) = d(xt ) for some xs ∈ B and xt ∈ B.
Let N (xs) − {vi } = {y1, . . . , yl} and N (xt ) − {vi } = {z1, . . . , zl}, where l � 2.

Set G ′ = G − xs y1 − · · · − xs yl + xt y1 + · · · + xt yl , then we have

R0
α(G ′) − R0

α(G) = [(2l + 1)α − (l + 1)α] − [(l + 1)α − 1]
= lα(ξα−1 − ηα−1),

where l + 1 <ξ < 2l + 1 and 1 < η < l + 1.
When 0 <α < 1, we have R0

α(G ′) < R0
α(G), a contradiction to (i); When

α < 0 or α > 1, we have R0
α(G ′) > R0

α(G), a contradiction to (ii).

Case 2. d(xs) �= d(xt ) for any two vertices xs and xt in B.
Without loss of generality, we may assume that d(x1) < d(x2) < · · · < d(xw).

Set N (x1) − {vi } = {x11, x12, . . . x1p′ }(p
′ � 2) and d(xw) = q + 1. Let G ′ = G −

x1x11 − · · · − x1x1p′ + xwx11 + · · · + xwx1p′ , then

R0
α(G ′) − R0

α(G) = [(q + p
′ + 1)α − (q + 1)α] − [(p

′ + 1)α − 1]
= αp

′
(ξα−1 − ηα−1),
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where 1 <η < p
′ + 1 < q + 1 < ξ < p

′ + q + 1 since p
′
< q.

When 0 <α < 1, we have R0
α(G ′) < R0

α(G), a contradiction to (i); When
α < 0 or α > 1, we have R0

α(G ′) > R0
α(G), a contradiction to (ii).

From the cases 1 and 2, the desired result follows.

Theorem 3.7. If G is an unicycle graph in U(n, k), then R0
α(G) attains the smallest

(largest, resp.) value if and only if G = (Ck, vi ) �� (Sn−k+1, vi ) for 0 <α < 1 (α > 1
or α < 0, resp.), where vi is the center of Sn−k+1 and any vertex of Ck .

Proof. The proof of necessity.
Let G be a graph in U(n, k) with R0

α(G) taking the smallest value (largest
value, resp.). By the lemma 3.4, we know that there exists exactly one vertex, say
vi , in V (Ck) with d(vi ) � 3. Moreover, if N (vi ) − V (Ck) = {x1, . . . , x p}(p � 1)

and B = {x j ∈ N (vi ) − V (Ck) : d(v j ) � 3}, then |B| � 1 by the lemma 3.6.
If |B| = 0, we have d(x j ) = 1 for any x j ∈ N (vi ) − V (Ck), since d(x j ) �= 2

for any vertex x j ∈ N (v j ) − V (Ck) by the lemma 3.5. So T (vi ) is a star of order
n − k + 1 and G = (Ck, vi ) �� (Sn−k+1, vi ), where T (vi ) is defined as before.

If |B| = 1, we assume that B = {x1}. Suppose N (x1)−{vi } = {y1, . . . , yq}(q � 2),
we consider the following two cases:

Case 1. p + 2 � q + 1.
Set G ′ = G − x1y1 − · · · − x1yq + vi y1 + · · · + vi yq , we have

R0
α(G ′) − R0

α(G) = [(p + q + 2)α − (p + 2)α] − [(q + 1)α − 1]
= qα(ξα−1 − ηα−1),

where 1 <η < q + 1 � p + 2 < ξ < p + q + 2.
So, R0

α(G ′) < R0
α(G) for 0 <α < 1; or R0

α(G ′) > R0
α(G) for α < 0 or α > 1,

a contradiction to the minimality or maximality of R0
α(G) respectively.

Case 2. p + 2 < q + 1.
We consider the following two subcases:
Subcase 2.1. 3 = p + 2 < q + 1.
Set G ′ = G − vivi−1 − vivi+1 + x1vi−1 + x1vi+1, we have

R0
α(G ′) − R0

α(G) = [(q + 3)α − (q + 1)α] − (3α − 1)

= 2α(ξα−1 − ηα−1),

where 1 <η < 3 = p + 2 < q + 1 <ξ < q + 3.
So, R0

α(G ′) < R0
α(G) for 0 <α < 1; or R0

α(G ′) > R0
α(G) for α < 0 or α > 1, a

contradiction to the minimality or maximality of R0
α(G) respectively once again.

Subcase 2.2. 4 � p + 2 < q + 1.
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Set G ′ = G − vi x2 − · · · − vi x p + x1x2 + · · · + x1x p, we have

R0
α(G ′) − R0

α(G) = [3α − (p + 2)α] + [(p + q)α − (q + 1)α]
= (p − 1)α(ξα−1 − ηα−1),

where 3 <η < p + 2 < q + 1 < ξ < p + q.
So, R0

α(G ′) < R0
α(G) for 0 <α < 1; or R0

α(G ′) > R0
α(G) for α < 0 or α > 1,

a contradiction to the minimality or maximality of R0
α(G) respectively.

Therefore, |B| �= 1 and G = (Ck, vi ) �� (Sn−k+1, vi ), where vi is the center
of Sn−k+1 and any vertex of Ck respectively.

The proof of sufficiency.
If G = (Ck, vi ) �� (Sn−k+1, vi ), where vi is the center of Sn−k+1, the removal

of any one edge of (Sn−k+1, vi ) will increase (decrease, resp.) the value of R0
α(G)

for 0 < α < 1 (α < 0 or α > 1, resp.), so R0
α(G) attains the smallest (largest, resp.)

value for 0 < α < 1 (α < 0 or α > 1, resp.).
Therefore, the proof is completed.

Theorem 3.8. Let G be an unicycle graph in U(n, k). For 0 < α < 1, we have (n −
k + 2)α + (k − 1)2α + n − k � R0

α(G) � (n − 2)2α + 3α + 1, with the left equality
holds if and only if G = (Ck, vi ) �� (Sn−k+1, vi ) and with the right equality holds
if and only if G = (Ck, vi ) �� (Pn−k+1, vi ).

Proof. For 0 <α < 1, by an elementary calculation, we can easily get that
R0

α(G) = (n − k + 2)α + (k − 1)2α + n − k when G = (Ck, vi ) �� (Sn−k+1, vi )

and R0
α(G) = (n−2)2α+3α+1 when G = (Ck, vi ) �� (Pn−k+1, vi ). By theorems 3.3

and 3.7, we have (n − k + 2)α + (k − 1)2α + n − k � R0
α(G) � (n − 2)2α + 3α + 1

with the left equality holds if and only if G = (Ck, vi ) �� (Sn−k+1, vi ) and with
the right equality holds if and only if G = (Ck, vi ) �� (Pn−k+1, vi ).

Theorem 3.9. Let G be an unicycle graph in U(n, k). For α > 1 or α < 0, we have
(n−2)2α +3α +1 � R0

α(G) � (n−k+2)α +(k−1)2α +n−k, with left equality holds
if and only if G = (Ck, vi ) �� (Pn−k+1, vi ) and with right equality holds if and only
if G = (Ck, vi ) �� (Sn−k+1, vi ).

The proof of theorem 3.9 is omitted here since it can be proved in a similar
way as that of theorem 3.8.
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